An example of an S 3 -polynomial arising from a Kummer theory of certain algebraic torus is computed.
1.
The aim of this short paper is to give a simplest example of a metacyclic polynomial (that is, a polynomial whose splitting field is isomorphic to a metacyclic group) arising from a ''twist'' of a Kummer theory of certain algebraic tori. Namely we deal with the case where the Galois group of the polynomial is isomorphic to the symmetric group S 3 of degree 3. It is well-known that the polynomial
is a generic S 3 -polynomial in the sense of [2, Definition 0.1.1]. Although this expression is simple, but the arithmetic of the polynomial is not easy to deduce from the expression itself (see the remark in the end of this paper). In contrast to this, the arithmetic of our polynomial is closely related to the chosen parameters, since it is constructed by means of a Kummer theory. Throughout this paper, we fix a separable closure of the field Q of rational numbers and denote it by Q s . We assume that every separable extension of Q is contained in this Q s . For any F & Q s , we write F c for the third cyclotomic extension Fð ffiffiffiffiffiffi ffi À3 p Þ of F.
2.
In this section, we review a Kummer theory associated to an isogeny of certain algebraic tori and its application to metacyclic extensions. We do not intend to give a complete picture, rather we limit ourselves to a specific case we use.
We consider an algebraic torus R Q c =Q G m of dimension 2. On the character module d
defines an endomorphism of degree 3. Let be the corresponding self-isogeny of R Q c =Q G m of degree 3 defined over Q. In our paper [3] , we prove the following theorem. This isomorphism classifies cyclic cubic extensions over Q. It is worth noting that there is no primitive cube root of unity in Q.
Let F=Q be a quadratic extension different from Q c . Then the Kummer duality naturally lifts to F: On the other hand, we have an isogeny of degree 2 defined over F:
whose inverse isogeny (in the sense of [5, Proposition 1.3.1]) is given by
The corresponding group algebra decomposition is
where is a generator of the Galois group GalðF=QÞ. We note that we obtain the inverse isogeny of by ''clearing denominators'' in the group algebra isomorphism. Let P F 2 R Q c =Q G m ðFÞ and L P ¼ Fð À1 ðP F ÞÞ. The extension L P =F is a cyclic cubic extension.
In the following, we denote kerðN F c =Q c : R F c =Q G m ! R Q c =Q G m Þ by T and we use canonical group isomorphisms
to identify these groups. Now we can show the following result.
Theorem 2.2. If we write P F ¼ ðPÞ, then
We refer to the forthcoming paper [4] for the proof of this theorem in a more general setting.
From now on, we concentrate on the latter case and compute a defining polynomial of the extension L P over Q.
3.
In this section, we compute an S 3 -polynomial arising from the Kummer theory explained in Section 2. We continue to use the notation in the preceding section. Moreover we fix a group isomorphism R K=k G m ðkÞ ¼ $ K Â for any field extension K=k and identify these two groups by this isomorphism.
In [3, Example 4.2], we have computed a cubic polynomial defining a cyclic cubic extension corresponding to
Note that the arithmetic of the polynomial f ðXÞ is closely related to the parameters as in the case of the classical Kummer polynomial X n À a. For example, the cyclic cubic extension defined by f ðXÞ is unramified outside the prime ideals of F dividing the principal ideal ð3ðv 1 þ v 2 ffiffiffiffiffiffi ffi À3 p ÞÞ and their Galois conjugates. We also know that f ðXÞ is reducible if
Þ with square-free integer d. If v 1 and v 2 are taken from F, then (1) covers all cubic cyclic extensions over F since the Kummer duality Q lifts to F . Now we choose parameters coming from TðQÞ so that the cyclic cubic extension over F defined by the polynomial is an S 3 -extension over Q (see Theorem 2.2). Let
We take
Recall that is a generator of GalðF=QÞ. Thus choosing the new parameters
we have a cubic polynomial with 4 parameters:
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